HOSSAM GHANEM

(19) 8.2 Trigonometric integrals (A)

FORMULAS

cos?x +sin?x =1
1+ tan?x = sec?x

1+ cot? x = csc?x

sin 2x = 2sinx cos x

sin® x = s (1 — cos 2x)

1
cos?x = E(l + cos 2x)

fsinx dx = —cosx+C

ftanx dx = —In|cosx| + C

Jcosx dx =sinx + C

jcotx dx = In|sinx| + C

jseczx dx =tanx + C

jsecx dx = In|secx + tanx| + C

csc?x dx = —cot x+C

jcscx dx = In|cscx — cotx| + C

fe”duze“+C

cscxcotx dx = —cscx +C

jsecxtanx dx =secx+C

1
j—du=ln|u|—l—C
u




(19) 8.2 Trigonometric integral P2

Trigonometric integrals
SinX ,COS X e (5 5ia3 OIS Y 4
PR

Lf‘ﬁd:‘“mh‘&aae sin™x ,cos™x  3usall e Guul (e e sinx | cosx e s siad
@AY Al L J a5 5l Y] 3 Al (g0 aa) 5 Cans

o JGa
fSin3x cos? x dx (3)wpod @y Sindxdila 1
w @3 . : -
fsinzx-sinx-coszxdx =% Sin f o SE e 2
sin? x
1-— 2 : . L
f( os, e (1 —cos?x) Jsin?x Jisasia 3
sinx dx
t = cosx o g2l aadiu -
dt = —sint —_—
. dt A e Janil 31l 4 5
—dt = sinx dx e o
o GRS E PRI P
dﬂ“ u»?\uau;uudj)sm% sinx ,cosx A u_u...u\ oSy -1
sin* x = (sin? x)? = (1 — cos? x)? L
Lad  [cos*xsinx dx , [cos®x dx Jie NS e (g 5ui 4 )kl oda -3
PRI

@JJL“@-‘SOWY‘&.-@ sin™x ,cos™x  3ysall o el (e e sinx |, cOS X e s sin
AV il gy Camise ) JliaiaWl JalSil a2

sin?x + cos?x =1 1
5 1
cos x=5(1+c052x) 2
L 1
sin x=§(1—c052x) 3
sin x
— =secxtanx 4
cos2x
COS X
—— = Cscx cotx 5
sin? x
sin 2x = 2sinx cos x 6
— 2 —2
COS 2X = cos“ x — sin“ x
cos2x = 2cos’x —1 7
cosPRI= (111 2 st
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(19) 8.2 Trigonometric integral

P3
Example1l Evauate thefollowing integral j tan? x cos® x dx 18 Dec. 1999
Solution
sin? x
=ftan X COoS xdx—f 5 cos® x dx
cos? x
Jsm X COS xdx—fsinzxcoszx-cosxdx
Jsm x (1 — sin? x) cos x dx
Let u =sinx du = cosx dx
szuz(l—uz)du—f(u —u*) du
1 1
_ - .3_ .5
= 31u z u 1+ o3}
== AR T A
—3smx 5sm 56 i 8
Example 2 (E ga;fst & the oLl RS BaKfel s f tan’x dx 55 July 23,2011

5 sin® x .5 8do 4 B
== dtanzbdld x |= 5 dx = | sin>xcos > x dx = | sin* xcos
COS> X

Solution

x sinx dx

= f sin* x cos™® xsinx dx = f(sinz x)?cos > xsinx dx = f(l — cos?x)% cos > xsinx dx

Let u =cosx

I=— f(l—u 5du=—j(1—2u2+u4)u‘5du=f(—

4

du = —sinx dx

u®+2u 3 —uHdu

1
—u?—Inlul+c= —(cos x)~* — (cosx)™% —In|cos x| + ¢

Example3 Evauate thefollowing integral f sin® X

13 May 1998
\/COSX

Solution

; sin® x sin* x

A= - sinx dx
4/ COS X \/COS X

(sin? x)?

(cosx)z
Let u = cosx

— 12)2 _ 2 4
I=—J(1 ul) du=—f(1 2u’ + u*)

[

4

-1 3 7
Uu 2 —2u2+u2) du

1 21 550245 9
—<2u2—2-—u2+§u2)+c

5 1 2 2
3 COSA 2c052x—6 cosz2x +c¢

(1 —cos?x)?

S oo sinx dx
(cosx)z

du = —sinx dx

T - sinx o =

1 u
(u)2 (u)?

5
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(19) 8.2 Trigonometric integral

P4

Evaluate the following j”/ 81 —tan’x
0

EX%GIT'IM (21/, points)

sec? x

dx

56 11 December 2011

Solution

T 2 L 2

81 —tan“ x 8cos“x 1—tan“x
L —afi LAt 107 :

0 0

sec? x cos?x  sec?x

1 8 1, = 1 1 1 1
[sm ZxL (Slrl4 sin ) 5 \/E 2\/7 4\/—

8 8
dx = ] (cos? x — sin? x)dx = f
0

cos 2x dx

Example5 Evauate thefollowing integral f tan? x sin? x dx

Solution
. sin?x sin* x
I = | tan? xsin? x dx = ——-sinx dx = — dx
cos2 x cos? x
(1 — cos? x)? 1 — 2 cos?x + cos* x 1 —2cos?x cos*x
S [t M - dx STy
cos? x cos? x cos? x cos? x cos? x

1
=f(sec2x—2+coszx) dx=tanx—2x+§f1+c052x dx

1 15 1 = A 3
—tanx—2x+§(x+§sm2x)—tanx—2x+§x+zsm2x+c—tanx+Zsm2x—§x+c

COS X

Example 6 Evauate thefollowing integral f

sin% x

dx

Solution

cos? x cos? x 1 A i
Iz.f_ dxzf_ dx—fcotx-cscxdx

sin* x sinZx  sin?x
Let u=cotx du = —csc? x dx
2 1 3 1 3
I=—[u du=—§u +c1=—§cot xHle

Example 7 Evauate thefollowing integral j(sec x)(sin 2x)3 dx

Solution
[ = f(secx)(sin 2x)3dx = fﬁ(z sinx cos x)3 - dx =f

COS x

- 8'sin3 x cos? xdx

= 8fcoszxsin3x dx = 8fcoszxsin2x-sinx dx = 8jc052x(1—coszx)-sinx dx

Let u =cosx du = —sinx dx
8 8
e —8fu2(1—u2) i S —8f(u2—u4)du=—§ u3+§ ud + ¢
8 8
N -
—Scos X 5cos x+c
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(19) 8.2 Trigonometric integral P5

Example8 Evauate thefollowing integral f sin? x sin(4x) dx 7 Nov. 1996
Solution
1 1
I=fsin2xsin(4x)dx=J‘E(l—cost)-Zsiancostdx=§f(1—c052x) cos 2x -2sin2x dx
Let  u = cos2x du = —2sin2x dx
1 1
I=—Ef(1—u)-udu= —Ef(uz—u)du
i1 1 1 1
=P e || 31 4 3aaaii
= 2(3u 2u)+c cu +4u +c

3 1 2
= ——CoSs 2x+Zcos 2x +c

Example9 Evauate thefollowing integral fcot2 xsecx dx

Solution

b CoBtan. [BE COS X
I = | cot“xsecx dx = T e dx = — dx
sin?x cosx sin? x

CoS X 1
= - - — dx = | cotx cscx dx = —cscx + ¢
sinx sinx

Another solution

! cos’x 1 COS X 1
I = | cot“xsecx dx = "1 dll = e adx = — Rt dx
Sillgiia (COSHE sin? x sin? x
Let u = sinx du = cosx dx
1 -1
I=[Zdu=fu?du= —ul+c=—tFc=

+c= —cscx+c

sinx
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(19) 8.2 Trigonometric integral P6
Homework
il Evaluate theintegral f sin® x cos? x dx 32 December 2003
EL5
2 | Evauate theintegral f ) 14 Nov. 1998
= sece x
3 Evaluate theintegral j cot? x sin3 x dx 5 May 1996
4 Evaluate theintegral f Sm3x dx
= COoS° X
5 Evaluate theintegral f C_OSBx dx
= Sin-® x
6 Evaluate theintegral fsin3 xsecx dx
/ Evaluate theintegral j Vsecx sin3 x dx 12 December 1997
8 Evaluate theintegral jsin3x\/secxdx 22 December 2000
sin3 x
Evaluate theintegral dx 13 M 1998
g eg VCOS X ay
cos3 x
10 Evaluate theintegral dx 16 May 1999
- - Worr .
HEK Evaluate theintegral jcos3 x Vescx dx 34 July 2004
4
(P Evaluate theintegral f (secx)3 sinx dx 4 December 1995
13 Evaluate theintegral f cos3 x +/sin3 x dx 38 July 2005
sin® x
14 Evaluate the integral j ——dx 24 August 2001
- = 1 —+/cosx v
cot3 x
15 Evaluate theintegral j —dx 23 May 2001
sin2 x
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(19) 8.2 Trigonometric integral p7

Homework
16 Evaluate the integral M o,
o~ V1 + cosx
t
valuate theintegr &dx 4 December 1995
17 Eva h a
e EHelAH 1
4
18 Evaluate theintegral f C?SZ * dx
. SIn“ x
.2
19 Evaluate theintegral f Sm4x dx
- COS*™ X
20 Evaluate theintegral j S_mx dx
o sin 2x
2
21 Evaluate theintegral f il dx
Tioe COS X
22 Evaluate theintegral .[csc3 2x sin® x dx 41 July 2006 A
P22
23 Evaluate theintegral f de
= cos(2x)
24 Evaluate the following j s1n(§x) dx (2 1/2 points) 56 11 December 2011
- Sec
25 Evaluate theintegral f cscxtanx dx
2:6 E]valuatethefollowmg integral  [3 marks j sindxsec/x dx 52 July 24, 2010
/2
2/( | (4pts) Evaluate f sin x cos x cos(4x) dx. 53 11 December 2010
0

&

Evaluate the following integral j sec3 x sinx dx

N
(o)

o csc3 x cot3 x
Evaluate the following integral dx

\Vsin x
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(19) 8.2 Trigonometric integral P8

28 Evauate the following integral fsec3xsinx dx
Solution
i
I=fsec3xsinx dxzf s—sinx dx
cos3 x

Let u =cosx - du = —sinx dx

= fld—f‘3d—_1‘2+—1( Y24 o) = msec2x+

E Sdu= u u= - u ¢ =5 (cosx ¢ =5sec’x+c

Another solution

sin x
1 & J-sec3xsinx dx =fsec2xsecxsinx dx = J.seczxcosx Bogi= J-tanx sec?® x dx
u = tanx — du = sec?x dx
1 1
I=|udu==u?+c=—=tanu+c
[udu=j+c=3
3 3
. : CSC” x cot’ x
29 Evaluate the following integral j . dx
VSin X
Solution
csc x cot3 x 1 1 cosdx
oy sinx . L sindx Gy
\/smx chl

—13

fsm 2 x-cos®xcosx dx

—=13
sin 2 x (1 —sin?x)cosx dx

u =sinx - du = cosx dx

-13 -13 9
I=fu2 (1—u2)du=f(u2 —uz)du

2 -—u 2 7
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